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Quantum computer is showing its dramatic potential in processing nowadays data science. How-
ever, rapid progress on quantum hardware require improving the method on validation or testing,
where characterizing the quantum states plays the key role. Fourier transformation, a powerful tool
in quantum information science, is applied in quantum state characterization. In this paper, we
show the power of the Fourier transformation in full quantum tomography by two new adaptive
tomography protocols for any finite dimensional pure state. In total, two or three observable are
needed respectively at each protocol. Though the measurement outcomes of the first protocol keeps
the same with the existed best one, the second protocol reduces the total umber of observable, which
decreases from 5 to 3. For the readout of N -qubit pure state, the number of observed probabilities
decrease from 5 × 2N into 4 × 2N , which contains the minimal redundance. Besides, the imple-
mentation circuits for both protocols are depicted and we find that only one operation is added in
the circuits from N-qubit to (N+1)-qubit pure state. Finally, both protocols are simulated in the
case of slight mix state, which displays the feasibility in nowadays noisy intermediate scale quantum
system. With the assist of Fourier transformation, the research for quantum state characterization
is reheated and may be improved in near future.
INTRODUCTION
Quantum computer, with its revolutionary algorithms,
is supposed to dramatically boost the capability in nowa-
days information processing, such as simulation problem,
encryption and artificial intelligence[1–4]. Rapid hard-
ware progress realizing quantum technologies is emerg-
ing, with the landmark experiment by Google as the rep-
resentative, which claimed its quantum supremacy on an
53-qubit Sycamore superconducting chip[5, 6]. However,
the rapid development on quantum technologies places
an increased demand on methods for validating the im-
plementation of a quantum subroutines or testing the
feasibility of quantum algorithms[7, 8]. Therefore, it is
vital to develope the methods to characterize the quan-
tum states.
With a lot of effort being devoted into this area, there
are pleasant progress, such as compressed sensing, di-
rect fidelity estimation and quantum state verification[9–
11]. However, traditional quantum tomography is still an
ubiquitous way if full state information is required with-
out any priori knowledge. Although theoretical work
on this problem dates back to the 1970s, and experi-
mental implementations are routinely carried out in a
wide variety of systems, many fundamental questions re-
main unanswered[12, 13]. Fourier transformation(FT)
method, as a significant mathematical tool which usu-
ally used for designing quantum algorithm[2, 14–16], has
long been thought as a potential part in quantum to-
mography. Inspired by the facts that classical states can
be determined by the position and momentum, where the
position and momentum can be converted into each other
with FT method, A. Peres conjectured that this disci-
pline should still hold in quantum world[17]. However,
later research by Flammia et al proved that the ambigu-
ous set, which contains the states that cannot be deter-
mined by this discipline, is not a set of measure zero[18].
Therefore, A gap exists for the determination of states
in classical and quantum world, that is, FT method can
not be directly applied.
In this paper, we try to smooth this gap by in-
troducing an ancilla system, which is widely used for
algorithms design and named as linear combination
unitaries(LCU)[19]. By proposing two new adaptive to-
mography protocols for any finite dimensional pure state,
we show the power of the FT method in quantum to-
mography. In the first protocol, two FT connecting basis
sets C0 and C1 are designed for characterizing the states.
Compared to the previous work which at least require five
orthonormal basis sets, this protocol provides a protocol
where as far as we know, the least orthonormal basis sets
are required. In the second protocol, three partial-FT
connecting basis sets D0, D1 and D2 are constructed to
determinate the pure states. The number of the mea-
surement outcomes is 4d, which is d less than the best
known protocol[20]. In addition, we provide the circuits
for both protocols. Moreover, a simulation of slight mix
state is appended in the end, displaying the feasibility of
both protocols in nowadays noisy physical qubits system.
As with the frame of Fourier transformation, we hope we
can pave a way to study quantum tomography, especially
the quantum state characterization with FT method.
THEORETICAL FRAME
How to describe a quantum state in nature by its prop-
erties? In history, Fourier transformation(FT) is con-
sidered as an essential element to characterize a state.
Classically, states are deterministic if their position and
momentum are known, where position and momentum
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2are the measurement bases linked with the FT. we de-
fine these bases as FT connecting basis. How about the
quantum states?
It is also Pauli’s conjecture, whether the wave func-
tion of a particle can be uniquely determined by its dis-
tribution probabilities of position and momentum[21]. It
implies a conjecture, whether two sets of measurement
basis, similar as position and momentum, can uniquely
characterize the information of unknown pure quantum
states. A. Peres believes that for finite-dimensional case,
the pure quantum state can be almost determined by two
orthonormal bases related with Fourier transformation
bases except for a set of an ambiguous set[17]. Math-
ematically, a d-dimensional pure state |φ〉 which lies
in Hilbert space Hd can be determined by measuring
tr(Ek|φ〉〈φ|) and tr(Fk|φ〉〈φ|). Here, {Ek} and {Fk} are
given as two Von Neumann measurements correspond-
ing to two orthonormal bases, defined as Ek = |k〉〈k|,
Fk = |k〉f 〈k|, where |k〉f is obtained by running quan-
tum Fourier transform on |k〉. They are analogues to
position and momentum for a state moving in one spa-
tial dimensional.
The recent research proved that, even neglecting a set
of measure zero (still infinite), we can find two different
pure states whose probability distributions about posi-
tion and momentum are same[18]. This will happen for
arbitrary choice of two orthonormal bases, where the ana-
logues of position and momentum are just two special
ones. Therefore, the ambiguous set above is not a set of
measure zero, where the set of measure zero means that
if a pure state is chosen randomly, the probability that
the state locates at that set is close to zero.
Therefore, a pair of FT connecting bases should be
insufficient for the determination of the states in quan-
tum world. However, in the following, we will introduce
two protocols with ancilla system which utilize the FT
method for the measurement basis construction. First of
all, we sketch the tomography problem in the following.
An N -qubit pure state is in a d = 2N -dimensional
Hilbert space Hd, with the vector form,
|φ〉 =
∑d−1
k=0
ake
iθk |k〉. (1)
Any complex number c can be expressed as |c|·eiθc . Then
ak can be guaranteed to be no less than zero by modifying
the value of θk and e
iθk = ei(θk+2kpi). Thus ak ≥ 0 and
θk ∈ [0, 2pi). We call the coefficients ak and θk with am-
plitude and phase respectively for pure state |φ〉 and the
pure state tomography is to determine these parameters.
For N -qubit pure state, where d = 2N , {|0〉, · · · , |d −
1〉} is defined as an orthonormal basis set B0.Through
the measuremnts on basis B0, the information of ak can
be obtained from the probability distribution, as |ak|2 =
|〈k|φ〉|2.
How to obtained the phase θk of arbitrary |φ〉? Two
creative protocols with the FT connecting basis are pro-
posed. Due to the ancilla system H2 introduced, the
target state is considered into a extended Hilbert space
H2⊗Hd. Therefore, the product state |j〉|k〉 is encoded as
state |jd+k〉 of H2d, where j ∈ {0, 1}, k ∈ {0, · · · , d−1}.
protocol 1— Obviously, the nonzero amplitudes can
be collected based on the measurement results of B0,
which we rewrite as C0 here. To resolve the phase θk
in |φ〉, the basis set C1 is introduced
C0 = B0,
C1 = {|2k〉f , |2k + 1〉f , |2k ⊕ 1 + d〉f , |2k ⊕ 2 + d〉f},(2)
where ⊕ in the basis is the modulo d operation and
{|2k〉f , |2k+1〉f , |2k+1+d〉f , |2k+2+d〉f} are obtained
by running quantum Fourier transform on {|2k〉, |2k +
1〉, |2k+ 1 + d〉, |2k+ 2 + d〉}, k ∈ [0, (d− 2)/2]. The sub-
scripts f is denoted for the FT method, which specifies
these states as,

|2k〉f = (|2k〉+ |2k + 1〉+ |2k ⊕ 1 + d〉+ |2k ⊕ 2 + d〉)/2,
|2k + 1〉f = (|2k〉+ i|2k + 1〉 − |2k ⊕ 1 + d〉 − i|2k ⊕ 2 + d〉)/2,
|2k ⊕ 1 + d〉f = (|2k〉 − |2k + 1〉+ |2k ⊕ 1 + d〉 − |2k ⊕ 2 + d〉)/2,
|2k ⊕ 2 + d〉f = (|2k〉 − i|2k + 1〉 − |2k ⊕ 1 + d〉+ i|2k ⊕ 2 + d〉)/2.
(3)
Next we will prove that the basis C1 is sufficient for
obtaining the phase term in the states. |φ〉 is the state
to be determined as depicted in Eq.(1), and it is encoded
with the ancilla qubit in new protocol. Therefore, |0〉|φ〉
and |1〉|φ〉 are denoted as |Φ0〉 and |Φ1〉,respectively,
|Φ0〉 =
∑d−1
k=0
ake
iθk |k〉
|Φ1〉 =
∑d−1
k=0
ake
iθk |d+ k〉. (4)
We calculate the probabilities that the states |Φ0,1〉 col-
lapse into the states |2k〉f or |2k + 1〉f . For conve-
nience, we make following notations, P00 = |〈Φ0|2k〉f |2,
P01 = |〈Φ0|2k + 1〉f |2, P10 = |〈Φ1|2k〉f |2 and P11 =
|〈Φ1|2k + 1〉f |2. They are the probabilities obtained by
measuring with the specified basis and relations to the
3parameters in |φ〉 are shown in Eq.(5).
P00 =
1
4
a22k +
1
4
a22k+1 +
1
2
a2ka2k+1 cos(θ2k+1 − θ2k),
P01 =
1
4
a22k +
1
4
a22k+1 +
1
2
a2ka2k+1 sin(θ2k+1 − θ2k),
P10 =
1
4
a22k+1 +
1
4
a22k+2 +
1
2
a2k+1a2k+2 cos(θ2k+2 − θ2k+1),
P11 =
1
4
a22k+1 +
1
4
a22k+2 +
1
2
a2k+1a2k+2 sin(θ2k+2 − θ2k+1),
(5)
The amplitudes a2k, a2k+1 are calculated with the basis
set C0 and nonzero is required. Then we can obtain the
value of θ2k+1−θ2k in a range of [0, 2pi) with P00 and P01.
So for the value of θ2k+2 − θ2k+1 with P10 and P11. As
the global phase for a state is unmeasurable, θ0 in |φ〉 can
be set as 0, hence all phase parameters are determined.
protocol 2—An alternative FT method applied pro-
tocol can also be designed to determine the state. In
protocol 2, an one-qubit ancilla Hilbert space H2 is also
introduced. And the basis sets D1 and D2 are introduced
as the partial Fourier transformation of D0. Although it
looks stranger compare to protocol 1, we will show the
advantage for this design later. The measurement basis
are
D0 = B0
D1 = {|2k〉f1, |2k + 1〉f1, |2k + d〉f1, |2k ⊕ 1 + d〉}
D2 = {|2k + 1〉f2, |2k + 2〉f2, |2k ⊕ 1 + d〉f2, |2k ⊕ 2 + d〉},
(6)
where ⊕ in the basis is the modulo d operation and
k ∈ [0, (d − 2)/2]. The basis states {|2k〉f1, |2k +
1〉f1, |2k+d〉f1} and {|2k+1〉f2, |2k+2〉f2, |2k+d+1〉f2}
are also obtained by running quantum Fourier trans-
form on corresponding basis {|2k〉, |2k+ 1〉, |2k+d〉} and
{|2k + 1〉, |2k + 2〉, |2k + d+ 1〉}. For example, the basis
states in D1 are:
|2k〉f1 = (|2k〉+ |2k + 1〉+ |2k + d〉)/
√
3,
|2k + 1〉f1 = (|2k〉+ w|2k + 1〉+ w2|2k + d〉)/
√
3,
|2k + d〉f1 = (|2k〉+ w2|2k + 1〉+ w|2k + d〉)/
√
3,
|2k ⊕ 1 + d〉 = |2k ⊕ 1 + d〉.
(7)
Here w = exp(i2pi/3). Therefore, all amplitude param-
eters ak can be obtained with the measurement basis
set D0. With a similar notations, P ′00 = |〈Φ0|2k〉f1 |2,
P ′01 = |〈Φ0|2k + 1〉f1 |2, P ′10 = |〈Φ0|2k + 1〉f2 |2 and
P ′11 = |〈Φ0|2k + 2〉f2 |2, the probabilities are calculated
P ′00 =
1
3
a22k +
1
3
a22k+1 +
2
3
a2ka2k+1 cos(θ2k+1 − θ2k)
P ′01 =
1
3
a22k +
1
3
a22k+1 +
2
3
a2ka2k+1 cos(θ2k+1 − θ2k − 2pi
3
)
P ′10 =
1
3
a22k+1 +
1
3
a22k+2 +
2
3
a2k+1a2k+2 cos(θ2k+2 − θ2k+1)
P ′11 =
1
3
a22k+1 +
1
3
a22k+2 +
2
3
a2k+1a2k+2 cos(θ2k+2 − θ2k+1 − 2pi
3
)
(8)
The phase parameters can be resolved from the differ-
ence θ2k+1 − θ2k and θ2k+2 − θ2k+1, which can be cal-
culated by measuring the probabilities P ′00, P
′
01 and P
′
10,
P ′11. Since θ0 can be zero as the global phase, the all
parameters can be determined.
IMPLEMENTATION
In this section, the circuits for implementation of both
protocols are given. Due to an arbitrary projective mea-
surement basis can be realized by applying an unitary
operation on a canonical projective measurement, our
protocols can be implemented by measuring with the
canonical basis. Suppose that the unitary operation
U transforms the canonical basis {|0〉, · · · , |d − 1〉} into
{|ψ0〉, · · · , |ψd−1〉}. The following relations are obvious,
tr[ρ|ψk〉〈ψk|] = tr[ρ(U |k〉〈k|U†)] = tr[(U†ρU)|k〉〈k|]
(9)
where ρ is a quantum state in d-dimension Hilbert space
and k = {0, · · · , d − 1}. It can be inferred from Eq.(9)
that by applying U† on the system and reading it out un-
der canonical basis |k〉, we can realize the measurements
projected on orthonormal basis {|ψ0〉, · · · , |ψd−1〉}.
protocol 1— To implement the measurements on ba-
sis C1, an unitary operation U is introduced, which maps
the canonical basis to the ones in C1.
The unitary operation U contains two parts, where
U = U1U2. U1 is a generalized control-unitary gate
|0〉〈0| ⊗ I + |1〉〈1| ⊗U⊕1N . While U2, the Fourier transfor-
mation operation, is applied on the auxiliary qubit and
the N -th qubit, whose matrix form under the canonical
basis {|00〉, |01〉, |10〉, |11〉} is the following:
U2 =
1
2

1 1 1 1
1 i −1 −i
1 −1 1 −1
1 −i −1 i
 . (10)
For a clear explanation, the basis states in D0 with binary
form are expressed as :
|2k〉 = |0〉 ⊗ |x〉 ⊗ |0〉,
|2k + 1〉 = |0〉 ⊗ |x〉 ⊗ |1〉,
|2k + d〉 = |1〉 ⊗ |x〉 ⊗ |0〉,
|2k + d+ 1〉 = |1〉 ⊗ |x〉 ⊗ |1〉,
(11)
where x is the binary form of the number k and k ∈
{0, 1 · · · , 2N−1 − 1}. When k = 0, |x〉 = |0〉⊗N−1. When
k = 2N−1 − 1, |x〉 = |1〉⊗N−1. For the binary form
of number 2k, the last site is zero as it is even. The
other sites of 2k is obtained by lifting one site above for
the binary form of k. Then |2k〉 = |0〉 ⊗ |x〉 ⊗ |0〉. As
the binary form of |d〉 is equal to |1〉|0〉⊗N , |2k + d〉 =
|1〉 ⊗ |x〉 ⊗ |0〉.
4Obviously, the consequences after U applied on canon-
ical basis state are the ones in C1, as shown in Eq. (3).
Therefore, by operating U†2U
†
1 on the system, the mea-
surements on the computation basis can replace the mea-
surements on C1. And corresponding measurement appa-
ratus for this protocol is represented in Fig.(1).
|q1〉
U	1N
|q2〉
...
|qN 〉
U†2|0〉, |1〉 •
FIG. 1. The quantum circuit for protocol 1. This circuit cor-
responds to one observable. We arrange the auxiliary qubit
at the last line for the convenience of expression. In the calcu-
lation, the auxiliary qubit is the first qubit. The symbol |qi〉
means the i-th state of N -qubit pure state |φ〉. The states of
auxiliary qubit are |0〉 and |1〉. The first gate U†2 is the one in
the picture (2), which acts on the auxiliary qubit and qubit
qN in sequence. The second gate is the conjugate transpose
of a generalized Control-Not gate. The measurement parts on
each qubit are the same one. It is Pauli measurement σz, the
projections onto the states of {|0〉, |1〉}. We measure states
|0〉⊗ |φ〉 and |1〉⊗ |φ〉 to obtain two probability distributions.
In total 4×2N measurement probabilities can be got from this
circuit, which is same with the ones by bases {B1,B2,B3,B4}
Then the gate decompositions of U†2 and U
	1
N are
shown in the circuits of Fig.(4) and Fig.(2), respectively.
U	1N = (U
⊕1
N )
†, both of which are permutation oper-
U†2 =
H S† •
• H • •
FIG. 2. Quantum circuit for implementing U†2 . It is easy
to check that if we input states {|00〉, |01〉, |10〉, |11〉} at the
right side of the circuit, the output states are the ones by
performing Fourier transformation.
ations. U⊕1N =
∑2N−1
k=0 |(k ⊕ 1) mod 2N 〉〈k|. U⊕1N ex-
presses a shift operation with one step forward, which is
0→ 1→ 2→ · · · → 2N − 2→ 2N − 1→ 0. For the case
of N = 1, U⊕11 is the Pauli matrix X. In Fig.(3), we give
a simple case for N = 1 and 2. While U	1N express a shift
operation with one step back.
protocol 2— Similarly, the unitary operations which
maps the states of D0 to the states of D1 and D2 should
correspond to two different quantum apparatus(shown in
Fig.5).
The first apparatus includes only one operation, U3.
As a partial Fourier transformation operation, U3 trans-
FIG. 3. The effect of U⊕1N when N=1 and 2.
forms the first-three components while remain the last
one, is only applied on the auxiliary qubit and the N -th
qubit
U3 =
1√
3

1 1 1 0
1 w w2 0
1 w2 w 0
0 0 0
√
3
 . (12)
To implement U3, a quantum circuit is shown in Fig. (6).
Thereafter, the basis in D0 will be the basis of D1 as the
result of U3.
If U⊕1N+1 is applied on the basis in D1 before U3, the ba-
sis in D2 will be produced as the result of U3. Therefore,
for measurement apparatus, the inversion of the opera-
tions U†3 and U
	1
N+1 are applied, which is depicted in the
Fig. (5). In the circuit of U†3 , single-qubit operations are
depicted as follows,
V1 =
1√
2
(
e−
pi
6 i e
pi
3 i
e
pi
6 i e−
pi
3 i
)
, V2 =
1√
3
(√
2
√
1√
1 −√2
)
.
(13)
PREVIOUS PROGRESS AND REDUNDANCE
ANALYSIS
To characterize an arbitrary pure state |φ〉, as shown
in Eq.(1), one remarkable work is concluded here and has
provided four basis sets {B1,B2,B3,B4} with B0[20]. The
four sets of bases are,
B1 = {|2k〉 ± |2k + 1〉} B3 = {|2k + 1〉 ± |2k + 2〉}
B2 = {|2k〉 ± i|2k + 1〉} B4 = {|2k + 1〉 ± i|2k + 2〉}
(14)
where ”+” in the basis is the modulo d operation and k ∈
[0, (d − 2)/2]. The normalization factor 1/√2 is ignored
here. The probabilities on those basis in {B1,B2,B3,B4}
can be noted as pl± and p˜
l
±, where l = 2k, 2k + 1,
pl± = |〈φ|(|l〉 ± |l + 1〉)|2/2
p˜l± = |〈φ|(|l〉 ± i|l + 1〉)|2/2 (15)
Therefore, the value of θl−θl+1 can be calculated from
the probabilities pl± and p˜
l
±,
pl± × 2 = a2l + a2l+1 ± 2alal+1 cos(θl − θl+1)
p˜l± × 2 = a2l + a2l+1 ± 2alal+1 sin(θl − θl+1) (16)
5|q1〉
U	1N
|q1〉
...|qN−1〉
|qN 〉
=
U	1N−1
X •
=
•
· · ·
• •
X • • •
= · · ·
X
FIG. 4. Quantum circuit for implementing U	1N . In the picture above, we introduce two ways for implementation. In the
middle, the solid point means that the control qubit is |1〉. The circuit is composed with N gates, one one-qubit gate X, one
two-qubit gate C-NOT, one three qubit gate Toffoli gate and so on. The last one is a generalized Toffoli gate where the number
of the control bits is N − 1. In the right, the hollow point means that the control qubit is |0〉.
q1
q2
...
qN
U†3|0〉
q1
U	1N+1
q2
...
qN
U†3|0〉
FIG. 5. The quantum circuit for protocol 2. The circuits
corresponds to two observable. The ancilla means the auxil-
iary qubit, which is the same state |0〉. The gate U†3 is the
one in the picture (6). It is a two-qubit gate, which acts on
the ancilla and qN . Also, each measurement part is the Pauli
measurement σz. Totally, the measurement probabilities de-
crease from 4× 2N into 3× 2N compared with protocol 1 and
the one in [20].
U†3 =
V1 V2
H
FIG. 6. Quantum circuit for implementing U3. The one qubit
gates V1 and V2 are the ones in the equation (13).
For the arbitrary choice on global phase, we may as well
let θ0 = 0. Then all the phases can be determined.
Hence, by above four bases, the information of phases
can be calculated. As the amplitude parameters ak can
be resolved from the probability pk0 = |〈φ|k〉|2, the entire
pure state is determined.
The implementations of projective measurement bases
B1 and B2 are obvious. They correspond to σz ⊗ · · · ⊗
σz ⊗σx and σz ⊗ · · ·⊗σz ⊗σy respectively. The basis B1
and B2 will be transformed into B3 and B4 via the uni-
tary operation U⊕1N . For the circuit implementation of B3
and B4, we need to use the circuit U	1N in the Fig.(4). As
shown in Fig.(4), it can be implemented with one local
unitary gate X on the N -th qubit and a quasi generalized
Control-not gate I ⊗ |0〉〈0| + U	1N−1 ⊗ |1〉〈1|. Obviously,
{B1,B2,B3,B4} can not be Fourier transformed from B0,
hence cannot be the representative of FT-method tomog-
raphy protocol.
Next, some analysis are as follows. A general pure
state |φ〉 = ∑d−1k=0 akeiθk |k〉 is defined with all param-
eters {ak, k = 0, · · · , d − 1} being nonzero. To deter-
mine this unknown pure states |φ〉, five measurement
basis({B0,B1,B2,B3,B4}) are required to implement the
above protocol. For each basis sets, there are d possi-
bility outcomes, i.e. measurement outcomes. Hence, for
this protocol, 5d measurement outcomes is essential.
As for our proposed protocol, they have following fea-
tures. The first protocol includes C0 and C1 two mea-
surement basis set, which is the least as far as we know.
As for the performance of measurement outcomes, it
has the same result as measurements {B0,B1,B2,B3,B4}.
For measuring the amplitude parameters, d outcomes are
produced from the basis in C0. While to obtain the phase
parameters, |φ〉 with the ancilla qubit on |0〉 and |1〉 are
employed, under the 2d orthogonal basis states in C1, it
produces 4d outcomes totally.
As for the second protocol, it includes D0, D1 and D2
three measurement basis sets. For measuring the am-
plitude parameters, similarly, d outcomes are produced
from the basis in D0. To obtain the phase parameters,
D1 and D2 are employed. As |〈Φ0|2k + d + 1〉|2 = 0,
|〈Φ0|2k + d+ 1〉|2 = 0. There are only 3d nonzero prob-
abilities will appear at most in second protocol . There-
fore, the second protocol only produce 4d measurement
outcomes, which reduce d redundance of measurement
outcomes and is the least selection as we know.
In terms of circuits implementation, our proposals also
share extendibility. Suppose that we have already built
the apparatus for N -qubit pure state. Now a new qubit
is introduced and we need to tackle the N + 1-qubit
pure state tomography. We can refer to the circuits in
Fig.(1,5). We may as well let the new qubit be the first
qubit q1. The qubits in the former apparatus are la-
belled as q2, · · · , qN+1. The auxiliary qubit is labelled as
a. Then we only need to add one new operation on qubit
q1, which is X
q2···qN+1a. This operation is a generalized
Control-Not gate. When the qubits of q2, · · · , qN+1, a are
all 1, the qubit of q1 flips. While for the other cases, the
6|q1〉
|q2〉
...
|qN 〉 H
B1
|q1〉
|q2〉
...
|qN 〉 V
B2
|q1〉
U	1N
|q2〉
...
|qN 〉 H
B3
|q1〉
U	1N
|q2〉
...
|qN 〉 V
B4
FIG. 7. Quantum circuit for implementing B1,B2,B3,B4.
qubit of q1 remain unchanged.
SIMULATION
Since nowadays quantum devices are still in the NISQ
era, the noise is inevitably introduced during the informa-
tion processing. To test the feasibility of our protocol, its
performance is investigated under the white noise model,
which mainly causes the decoherence effects. Therefore,
the states considered is no longer a pure state.
ρ = (1− λ) |φ〉 〈φ|+ λ
2N
I (17)
where λ measures scale of the noise in the device, I de-
notes the max mixture state introduced by noisy quan-
tum device. the systems of 1, 3 and 5 qubits is investi-
gated in the simulation. The target state |φ〉 is generated
from |0...0〉 via an random operator which is distributed
uniformly according to the Haar measure. In the simula-
tion, we repeat this sampling exponentially with the size
of system. Then the fidelity is calculated according to
the results obtained from both protocols, with the vary-
ing noisy strength λ uniformly scaling from 0 to 0.05. The
results are shown in Fig.(8). Solid lines are the results
obtained from full tomography. The deviations between
our protocols and solid lines come from the assumption
of the pure state and thus the reduction of measurement
operation. With the limited strength of noise introduced,
the protocols produce comparable result compared to the
full tomography.
In addition, The fluctuation on estimation in Eq.5 and
Eq. 8 will be caused when conducting measurement op-
erations while the above situation is under the perfect
measurement assumption. M , the number for projective
measurements is introduced here. As λ is set as 0, the
fidelity is calculated with M being 10k(k = 2...8). The
result is shown in Fig.9, when M grows, the results ap-
proach 1, which is the ideal situation. When M is small,
the fluctuation on probability will be evidently and affect
the results obviously.
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FIG. 8. Simulation for protocol 1(a) and 2(b). The fidelity
varies with λ, the decoherence strength due to the real quan-
tum device. Solid lines are the results from perfect full tomog-
raphy with the analytic value 1 − λ(1 − 1/2N ). The colored
circles are from the simulated protocol.
DISCUSSION
Tomography, which completely characterize the state
or dynamics of a quantum system though measurements,
is essential for emerging quantum computer. Theoretical
work on this problem has been last for over half century.
And we give a sketch.
For an arbitrary d dimensional quantum state ρ, pure
or mixed, there are d2 − 1 independent numbers. The
measurement on the state ρ can be expressed with an
observable O, where O =
∑d−1
k=0 λk|ek〉〈ek|. Based on
Born rule, the state could be collapsed into state |ek〉 with
probability tr(ρ|ek〉〈ek|). In quantum state tomography,
we want to use as less measurement outcomes as possible
to estimate the unknown quantum state ρ. But for the
process of measurements by a series of observable, the
unwanted redundance could appear.
For example, when we want to estimate an unknown
qubit ρ, the traditional measurement protocol should
contain three Pauli observable σx, σy and σz. They
correspond to six eigenvectors, while four measurement
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FIG. 9. Test for the influence on the number of measurement
operation. (a) and (b) are results for the simulation of proto-
col 1 and 2. with the setting λ = 0, the fidelity goes up with
increasing M , the number for measurement operations, being
as 10k(k = 2...8). The ideal fidelity is 1.
outcomes are enough for qubit state tomography. Two
measurement outcomes are redundant. By introducing
two auxiliary qubit [22], one auxiliary qubit [23], one
position space in quantum walks [24–26], symmetric in-
formationally complete measurements for qubit can be
implemented with minimal four measurement outcomes.
For an arbitrary N -qubit state ρ, pure or mixed, the
dimension of its density matrix is 2N . To uniquely de-
termine this state, 4N Pauli measurement bases are re-
quired in traditional tomography protocol[27]. Consid-
ering the overlap which can be neglected, least 3N Pauli
measurement bases of them are required[28], which cor-
responds to 6N measurement outcomes. This number is
much greater than the minimal one 4N , where the redun-
dance of measurement outcomes are 6N − 4N . Alterna-
tive method is to use the projective measurements onto
d+1 mutually unbiased bases for states in d-dimensional
Hilbert space[29], which has 2N + 1 measurement set-
tings prepared for N -qubit state tomography. For ex-
ample in two-qubit system, Adamson and Steinberg ex-
perimentally showed the advantage of five mutually un-
biased bases than the standard protocol with nine Pauli
bases[29]. With the method of compressed sensing, an
unknown density matrix of dimension d with rank r
can be uniquely determined by O(rd log2 d) measurement
settings[9].
Specially, for N -qubit pure quantum state, the rank
of its density matrix is 1. The measurement settings
needed can be irrelevant to the number N , which is a
constant. The determination of finite dimensional pure
quantum state is traced back to Pauli’s conjecture[21],
whether two observables about position and momentum,
can uniquely characterize the information of unknown
pure quantum states. For finite dimensional case, Peres
use to orthonormal measurement bases as the analogy of
position and momentum[17]. Therefore, many researches
are focus on the minimal number of sets of measurement
bases which can discriminate all different d dimensional
pure states. It is proved that at least 4d − 3 − c(d)α(d)
measurement outcomes are needed to distinguish a pure
state from all the other ones in d-dimensional Hilbert
space[30]. Finding the rank-1 eigenvectors and arrang-
ing them into several orthonormal measurement bases
are another big problem to challenge. Four orthonormal
bases are constructed by the properties of the Hermite
polynomials [31]. As a result, most components of the
eigenvectors are nonzero and complex numbers, which
brings obstacles to design circuits to implement these ob-
servables.
Adaptive strategy can decrease the difficulty in the im-
plementation of the measurement basis. That is to say,
we can use one standard measurement basis to determine
a subset where the output pure state belongs. Then we
will not rigorously restrain the subsequent measurement
bases to determine the pure states outside of the subset.
In 2015, Goyeneche et al[20] constructed 5d eigenvectors
from five observables to determine any unknown pure
qudit with this strategy. The standard basis B0 is used
to determine the subset. Four bases {B1,B2,B3,B4} are
constructed for the determination of state in the subset,
where only two components at each projective vectors are
nonzero. Wang et al proved that at most 3d − 2 eigen-
vectors are enough for the determination of an unknown
qudit by calculating amplitudes and phases respectively
[32]. Stefano et al constructed 4d−3 eigenvectors for qu-
dit determination [33]. Two tears later, their protocols
are implemented in another physical platform [34]. In
2019, Zambrano et al used modified methods of calculat-
ing the amplitudes and phases on Goyeneche’s five bases,
which showed that the new method can improve the ac-
curacy under the same measurement of ensemble size[35].
In this paper, we try to find as minimal eigenvectors as
possible and arrange them into as minimal number of
observables as possible.
Fourier transformation, which is a well-known powerful
tool in quantum algorithm and data analysis, is applied
in our measurement basis design. In this paper, with the
Fourier transformation method on the basis, we propose
two new protocols to read out N -qubit pure state. In the
protocol 1, the total umber of measurement basis set de-
crease from 5 into 2, which may be the one conjectured
by Pauli and Peres. And the number of measurement
outcomes is not increased. In the protocol 2, the total
umber of measurement basis set decrease from 5 into 3.
And the number of measurement outcomes decrease from
5 × 2N into 4 × 2N . As a traditional method to charac-
terize the classical state, we prove that with the ancilla
system, it can also be applied in quantum case, which
is also trusted by A.Peres. This may paves a way to
8investigate quantum state characterization with Fourier
transformation, and benefit the improvement of this area
in near future.
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